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Abstract

algorithm for solving DSPN models has been developed
which sigruficantly reduces the computational effort of
the solution [91. With this improved numerical solution
method quite complex DSPN models can be solved with
“ a b l e computational effort.
This paper introduces a modeling technique for
deterministic medium access control protocols whose
access delay depends on a feature of the communication
system which varies during its utilization period. We
introduce formulas for calculating the state transition
probabilities of the embedded Markov chain and the
corresponding conversion factors in case of a
deterministic transition with a marking-dependent firing
delay. To illustrate the benefit of the described approach a
DSPN model for CSMA/CD protocols with
deterministic collision resolution is presented. The novel
feature of the DSPN model lies in its compact
representation of the reservation mode. The stochastic
nature of the duration of the selection phase is represented
by means of one deterministic transition with a markingdependent firingdelay. These delay values are determined
by the average scheduling delay in the reservation mode
for each feasible number of stations which may generate
a packet. Due to this compact representation of the
deterministic access scheme the state space cardinality of
the DSPN grows only quadratically with the number of
stations. Thus, this model is suitable for evaluating
LAN‘s with a large number of stations.
The remainder of this paper is organized as follows.
Section 2 provides a general description of the DSPN
modeling approach proposed in this paper. In section 3 is
a DSPN model for CSMNCD protocols with
deterministic collision resolution is presented as an
application for the proposed approach. Section 4 provides
a validation of the quantitative results of the DSPN
model against the results obtained from a LANSF [81
simulation program. Finally, concluding remarks are
given.

This paper introduces a modeling technique for
deterministic medium access schemes to communication
channels. The presented approach is based on the
extension of Deterministic and Stochastic Petri Nets
(DSPNs) by marking-dependent firing delays of
deterministic transitions. This extension allows a
compact DSPN representation of deterministic medium
access schemes. To illustrate the benefit of the described
modeling approach a DSPN for C S W C D protocols
with determinktic collision resolution is presented.

1 Introduction
Stochastic Petri net models have been broadly
employed for performance analysis of computer and
communication systems. Marsan and Chiola introduced
Deterministic and Stochastic Petri Nets (DSPNs, [31) as
an extension to Generalized Stochastic Petri Nets. DSPN
models include timed transitions associated with either an
exponentially distributed firing delay or a deterministic
firing delay and immediate transitions f i i g without a
delay. Hence, DSPN models are well suited to represent
events which have a constant duration. Under the
assumption that in each marking of the DSPN at most
one deterministic transition is enabled, the steady-state
solution can be determined numerically [31.
Previously, DSPN models could only be employed
for modeling small systems (e.g. a LAN with 10 stations
[2]) because the applicability of DSPNs have suffered
from the high computational effort required by the
solution algorithm implemented in the analysis package
GreatSPN [6]. Recently, an improved numerical
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P4, P5, ..., P(5+N), the set of conflicting immediate
transitions and the set of deterministic transitions. The
deterministic transitions T1, T2,..,TO have associated
the f i n g delays of ~ 1yr2, ,...,WN, respectively. The
input and inhibitor arcs from place P2 to the immediate
transitions are associated with multiplicities such that in
case P3 contains a token exactly one of these immediate
transitions is enabled. The one which is enabled is
determined by the number of tokens in place P2. For
example, the left-most will fire, if the place P2 contains
no token.
Since the memoryless property does not hold for a
deterministic distributed firing &lay of a timed transition,
additional semantics have to be considered to properly
defme the association of marking-dependent firing delays
to deterministic transitions. In case the marking
condition which specifies the marking-dependent delay of
a deterministic transition does not remain constant during
its enabling interval, an execution policy of its f i n g
process has to be specified 111. In this paper we consider
the case that the firing delay is determined by the
marking at the beginning of an enabling period of the
deterministic transition. Marking changes during the
firing period of a deterministic transition do not influence
its current firing delay. DSPN models with deterministic
transitions associated with marking-dependent firing
delays with this semantic can be efficiently solved by
employing similar formulas as introduced in [91.
For each deterministic transition of a DSPN a
subordinated Markov chain is defined by the firing rates
of exponential transitions competitively or concurrently
enabled with this deterministic transition and weights of
immediate transitions enabled after the firing of the
deterministic transition [3]. The matrix A specifies the
firing probabilities of such immediate transitions. For
each state of the subordinated Markov chain a transient
state probability vector has to be calculated at the instant
of time corresponding to the firing delay of the
deterministic transition. In an ordinary DSPN this instant
of time has been fixed for each state of a Markov chain
subordinated to a deterministic transition. In case of a
markingdependent firing delay this instant of time may
be different for each state. This becomes evident by
incorporating in formulas (2) and (3) the i-th component
vi of a vector which cOrreSpOndSto the firing delay of the
deterministic transition in marking Mi. The generator
matrix of the Markov chain subordinated to a particular
deterministic transition with a marking-dependent firing
delay is denoted by Q. Employing the randomization
approach a scalar q and a matrix A are defmed as follows.

2 General Description of the Modeling
Approach
In this paper we consider deterministic medium access
control protocols whose access delay depends on a feature
of the communication system which varies during its
utilization period (e.g. the number of ready stations at an
instant of time). Well known examples of such protocols
are the broadcast recognition access method @RAM [71)
and the multi-accessing tree protocol [4]. This sections
provides a general description of the proposed modeling
technique. A selection phase and the subsequent
transmission is represented in a DSPN model by one
deterministic transition with a markingdependent firing
delay. For each feasible number of ready stations the
average overhead required by the protocol has to be
determined. These average delay values are typically
derived by combinatorial formulas.
To illustrate the proposed modeling approach a
single-server queueing system with Poisson arrival
process, deterministic Service time, and limited waiting
room is considered. The service time depends on the
number of customers who are in the system at the
beginning of the current service period. Figure 1 depicts a
DSPN model of this queueing system using the ordinary
DSPN primitives provided by the software package
GreatSPN [6].The Poisson source is modeled by the
place P1 and the exponential transition TO. The statedependent serviceprocess is represented by the places €3,
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Figure 1. Detailed DSPN of a M/D/l/K queue
with state-dependent service time
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The row vector @(v)can be efficiently computed by
recursive vector-matrix multiplications.
#(O) = ui
@(v+ 1) =@(v) - A
(5)

A=-Q+I

For a particular deterministic transition the i-th row
P(i) of the state transition probability matrix of the
embedded Markov chain and the corresponding row C(i)
of the conversion matrix are efficiently calculated by.

The Poisson probabilities pi(V) are calculated recursively
as.
pi (0)= e-q’+’i

(2)

9Wi
pi(v + 1) = Pi(V) - (9
v+l
These formulas allow the compact representation of a
M/D/l/K with state-dependent service time depicted in
Figure 2. Note, the graphical representation of this
DSPN is the same as in case of a M/D/l/K queueing
system with fixed service time. The only difference to
this case lies in that the fuing delay of the deterministic
transition T1 depends on the number of tokens which
reside in place p2 at the beginning of a firing process of
transition T1.

In these formulas Wv) denotes the state probability
vector of the corresponding discrete-time Markov chain at
the instant of time v and pi(v) denotes the v-th Poisson
probability with parameter qWi. The left and right
truncation points = L(qwi. E) and Ri = R(qWi, E) of the
summation in formulas (2) and (3) are depending on the
pre-defined error tolerance e. These truncation points are
detennhedby.

3 Modeling CSMNCD Protocols with
Deterministic Collision Resolution

Ri

CPi(v) 2 1- e

v=Li

(4)

To illustrate the modeling approach two particular
CSMA/CD protocols with limited contention are
considered. The first protocol is a hybrid of the 1persistent C S W C D with the multi-accessing tree
protocol [4]. In case of no collisions the protocol works
like the CSMNCD protocol. Collisions are resolved
deterministically by determining the maximum station
number among the station numbers of ready stations
according to a binary search. Hence, the proposed
protocol is referred to as CSMNCD with binary search
(CSWCD-BS). As a result of the scheduling phase the
station which currently possesses the maximum station
number among the ready stations is selected for
transmission. This protocol is a modified version of the
random multiple access protocols for real-time LAN’s
proposed by M e m a and W o k [101.
In the selection phase of the CSWCD-BS protocol
each station uses the binary representation of its current
station number for resolving a collision. Each bit
position of this binary representation is assigned to a
scheduling slot of length equal to twice of the
propagation delay, 2.r. Beginning from the highest bit
each station with a “1” in the binary representation of its
current number starts transmitting in the corresponding
slot. If a single station starts transmitting, the selection
is finished. All other stations recognize the ongoing
transmission in the next scheduling slot due to the carrier
sense feature. In case no station starts transmitting the

The function @(v) forms the (forward) ChapmanKolmogorov equation for the discrete-time Markov chain
assuming the initial in state ui.

Figure 2. Compact DSPN of a MIDIlIK queue
with state-dependent service time
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next lower bit of the binary representation of the station
number is considered. In case several stations start
transmitting a collision is detected by all stations.
Stations with a “lP3
in the bit corresponding to the
current slot and a “1” in the next lower bit of the binary
representation of their station numbers again start
transmitting in the next scheduling slot. This means,
only those stations which have started transmitting in the
current slot participate further in this scheduling cycle.
Stations which have not caused the collision have to wait
for the next scheduling cycle. Thus, the selection phase
of the CSMA/CD-BS protocol corresponds to finding the
maximum of a subset of (l,..,N) corresponding to the
stations with ready packets by binary search. As a
consequence. the selection phase requires at most
LlogzN] + 1 scheduling slots. To assure fairness a
dynamic rotation of the station numbers is performed.
Let N be the total number of station which are numbered
by 1, 2,.., N. Assume that the station with number h has
issued the last successful transmission. Then, during the
transmission phase each station with current number j
(1 S j I N) determines its new station number as
( h - j+l)modN.
The second protocol is a hybrid of the 1-persistent
CSMA/CD with the broadcast recognition access method
171 and has been introduced by Chen and Li [5]. The
difference to the CSMA/CD-BS protocol lies in
assigning a particular scheduling slot to each station of
the LAN according to its current station number. In the
reservation mode each station with a ready packet has to
defer the transmission until the beginning of its uniquely
associated scheduling slot. Since the scheduling slots are
of length 22, the carrier sense feature ensures that no
further collision can occur. To assure fairness a dynamic
rotation is performed as described above. This scheduling
process can formally be expressed as performing a linear
minimum search among the station numbers
corresponding to ready stations. Thus, the selection phase!
requires at most N scheduling slots. In the following the
protocol is referred to as C S W C D with linear search
(CSWCD-U). Its detailed description is given in [5].
We consider a local area network (LAN) consisting of
N statistically identical stations connected by a
bidirectional bus. The end-to-end propagation delay on
the bus is denoted by T. Since the class of protocols is
typically employed for control applications of technical
processes, a fixed packet length is considered. Each
station generates a packet according an exponential
distribution with rate h. We assume that the stations
have a single buffer. Thus, a packet is considered lost, if
it is generated by a station before the previous one has
been successfully transmitted.

A DSPN model for the CSMNCD protocols with
deterministic collision resolution can be derived from the
compact DSPN model for the 1-persistent CSMA/CD
protocol introduced by Marsan, Chiola, and Fumagalli
[2] by modifying the collision resolution part. The
DSPN model takes into account the jamming delay, the
finite number of stations and their distribution along the
bus. Figure 3 shows the DSPN model for the considered
protocols. Each of the N tokens in place P1 depicted in
Figure 3 represents a station of the LAN to be modeled.
The thinking time of a station is represented an
exponentially distributed firing delay with rate h which is
associated with the transition T1. Since the thinking
times of individual stations are independent from each
other, the transition T1 has associated the enabling
dependence infinite-server. All other timed transitions
have associated the enabling dependence singfe-server.
The firing of the transition T1 moves a token from place
P1 to p2 representing that a station has generated a
packet and is competing for the bus. If the bus is sensed
idle (place P3 contains a token) the immediate transition
t2 fires and puts a token in the places P4 and P5. The
sojourn time of this marking represents the vulnerable
period of a transmission in the contention mode. The
deterministic transition T4 truncates the firing time of
the exponential transition T3 in order to approximately
represented the triangular distribution of the propagation
delay between pairs of stations as introduced in [2].
Suppose, T3 fires putting the token from place P4 to P6
before another station has generated a packet (Tl has not
fired again). Then, the immediate transition t6 is enabled.
Its firing removes the token from place P6 modeling the
termination of the vulnerable period of a transmission in
the contention mode. Another possibility in the situation
mentioned above is that the deterministic transition T4
fires next moving the token from place P5 to P7. Then,
the firing of the immediate transition t5 corresponds to
the firing of transition t6 and represents the end of the
vulnerable period. In the current marking only the timed
transitions T1 and 77 are enabled. The firing delay of the
deterministic transition T7 models the remaining
transmission delay after the signal has propagated to each
station of the LAN. The firing of transition T7 represents
the termination of a successful transmission. The station
is put back into the thinking state (the token is moved to
P1) and the system switches to the reservation mode
represented by putting a token in place P15. During the
transmission phase (a token in place P7) firings of the
exponential transition T1 represent subsequent
transmission requests. Such packets are queued (hold in
place €2)because the bus is sensed busy (transition t8 is
no longer enabled). After the next successful transmission these packets will be processed in the reservation
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Figure 3. DSPN model of CSMUCD protocols with deterministic collision resolution

mode as described below. In the marking which represents
the vulnerable period of a transmission (places P4 and P5
contain a token) besides the competitively enabled timed
transitions T3 and T4 the exponential transition T1 is
concurrently enabled. Its firing in this marking represents
a simultaneous transmission which causes a collision.
This is r e p n t e d by firing the immediate transition t8.
Hence,the token in place p2 is moved to place P9 which
disables the immediate transitions t5 and t6. After the
f i n g of the timed transitions T3 or T4 the immediate
transition t
9 or t10 is enabled, respectively. The firing of
either transition represents the end of the vulnerable
period of a transmission in which a collision has
occurred. The fmt token in place P9 is moved to place
P 11representing the jamming delay after the detection of
a collision. Possibly additional tokens in place P9
(further conflicting packets) are moved to place P10 by
the immediate transitions t l 1. The deterministic
transition T12 representsthe jamming of stations after a
collision. Its firing moves one token to place P8 and
P12, respectively. This enables the immexbte transition
t14 which moves all tokens from place PI0 (further
stations involved in the collision) to P13. Afw the place
P10 contains no more tokens, the immediate transition
t13 fires and moves the token from place P12 (first

conflicting station) to place P13. Then, the immediate
transition t15 is enabled which models the start of the
scheduling phase. To ensure the f i n g sequence of the
immediate transitions t13, t14, and t15 the transitions
t13 and t14 have associated the firing priority 2 and 3,
respectively.
The following describes the DSPN subnet which
represents a transmission in the reservation mode. Tokens
in place P13 represent waiting stations with transmission
requests. A token in place P14 models an ongoing
transmission in the reservation mode. The overall
transmission delay in the reservation mode is represented
by means of the exponential transition T16. Since the
scheduling delay depends on the number of ready stations,
this transition is associated with a marking-dependent
firing rae which corre-spondsto the reciprocal of the sum
of the packet transfer time and the average duration of the
scheduling phase in case of i ready stations. After a
transmission in the reservation mode a token is put back
to place P1 (thinking stations) and a token is put into
place P15. In case the place €2contains one or more
tokens (stations which have generated a packet during the
last transmission phase) firing the immediate transition
t17 moves all these tokens to place P13. Then, the
deterministic transition T19 is enabled which models the
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delay for an interframe gap after a successful
transmission. Its firing moves the token from place P15
to place P8 and another scheduling cycle begins. If the
place P13 contains no token (no station has currently a
ready packet) the deterministic transition T19 fires after
the maximum scheduling delay. Its firing puts a token to
place p3 which represents that the system has switched
back to the contention mode. The marking-dependent
firing delay associated with the deterministic transition
T16 is given by,
Y(i) = 22 - T(i,) + T
lIiIN 0
In formula (7) the term T(is) denotes the average
number of slots required by the scheduling phase in case
of i ready stations. The following shows how to derive
the average sojourn times T(is) for the CSMA/CD-BS
and the CSMA/CD-LS protocol. The events [i stations
are ready] and scheduling slots are required, i.e. the
successful transmission starts in slot (j+Z)] are denoted
by [X = i] and Ty = j], respectively. The conditional
probability for the event [Y = j assuming X = i] is
specifiedas P(Y = j I X = i).
We are assuming among all stations in the thinking state
it is equally likely that a F k e %is generated. To simplify
the analysis it is further assumed that in each selection
phase the station numbers of zeady stations are uniformly
distributed among the set of feasible station numbers.
The laner assumption clearly builds an approximation
because ready stations closer in number to the last
transmitting station have a higher probability to be
selected in the scheduling phase. However, simulation
experiments indicatethat for the considered channel loads

this approximation does not have a significant impact on
the quantitative results. With these assumptions the mean
value of a discrete cumulative disaibution function which
defines the P(Y = j I X = i) for the CSWCD-BS
protocol can be determined by the fraction of binomial
coefficients.
To determine the denominator of this formula is
straight-forward by employing a fundamental law from
combinatorics which immediately yield the appropriate
binomial coefficient [12]. The derivation of a closed-form
expression for the numerator is a more complex task,
though, already the special case of N = 2” - 1requires
some analysis. In the following analysis we introduce
n = LlogzN] + 1for notational convenience. In a first
step the case that there exists exactly me station with “0“
from the highest to the (i-1)-th bit and with a “1” in the
j-th bit. From combinatorics it is known that for
0 Ij l n-1 there exist 2”-j-l such possibilities. Subsequently, the (i-1) other ready stations have a “0” from
the highest to the j-th bit of the binary representation of
its station number. The binomial coefficient corresponding to the number of such possibilities leads to the first
expression in formula (8). As usual, binomial
coefficients in which the upper term is smaller than the
lower one or the lower term is negative are defined as
zero. In the second expression all possibilities that two
stations have the same bit pattem on the first (i-1) bits
and differ only in the j-th bit are summed up. The inner
sum represents the feasible pennutations of the bit map
of the binary representation of the station number of
additional ready stations. Note, that for j=O the sum
indexed by v is defined as zero.

number of permutations of the bit map for which the binary maximum search requires i steps
number of ways to distribute i enhies among N slots

protocol. The closed-form expression for the numerator of

The CSMA/CD-LS protocol [5] performs in the
selection phase a linear minimum search among the
stationnumbem corresponding to ready stations. With the
assumptions mentioned above the mean value of the
conditional discrete cumulative distribution function
which underlies P(Y = j I X = i) for the CSMA/CD-LS
protacol is given by equation (9)
Again, the denominator of this formula represents the
number of all feasible permutations. Thus, it is the same
as in equation (8) for the case of the CSWCD-BS

equation (9) is also easily derived by fundamental
combinatorics as the number of ways to distribute 0-1)
entries among (N-j-2) slots.

T(i,)=

j=o
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N-j-1
i-1

cj.(

N-i

(r)

)

(9)

compact DSPN model for the Ethernet [2] the channel
throughput S is given by the forced-€low law. The
average packet delay D can be determined by employing
Little's law.
S = h - E{#Pl}
N - E{# Pl}
D=
h - E{# Pl}
To validate the numerical results obtained by the DSPN
model a simulation program for the C S W C D protocols
with limited contention has been developed. For this task
the modeling environment LANSF [8] has been
employed which is particularly well suited for modeling
medium access control protocols. The software package
LANSF has been extended to generate confidence
intervals for simulation output analysis. Programming
components for discarding the initial transient by
Schruben's test and for generating confidence intervals by
non-overlapping batch means have been included in the
software package LANSF according to their description in
[ll]. In Table 2 the throughput results of the DSPN
model for the CSMA/CD-BS protocol are compared with
the corresponding throughput values obtained by the
LANSF simulation program for a LAN consisting of 60
stations. A confidence level of 99% and normalized
propagation delays of a = 0.05 is considered. The
validation of the throughput results of the DSPN with
deterministic transition T16 yield excellent agreement
with corresponding simulation results. This holds for the
DSPN with exponential transition T16 for low and
middle loads, too. For heavy loaded systems the
approximate representation of the reservation phase by an
exponentially disrributed delay introduces some error to
the throughput. Similar results have been obtained for the
CSMA/CD protocol with linear search.

4 Validation of the Modeling Approach
For a quantitative performance evaluation of the
CSMA/CD protocols with limited contention we
consider a local area network with a transfer rate of 10
Mbits/sec and a bus length of 1 km. A packet size of
lo00 Bit is considered. Thus, the normalized propagation
delay is given by a=O.O.5, respectively. Table 1 states the
considered parameter setting of the DSPN model in case
of the CSMA/CD-BS protocol. The basic time unit is
chosen as 1 psec. In case of the CSWCD-LS protocol
everything stays the same except that the transition T19
has associated a delay c o m d i n g to 22N.

"um

sc

Table 1. Parameters of the DSPN model of
the CSMAKD-BS protocol
As performance indices the average channel
throughput and the average packet delay normalized to the
packet transfer time, D, are considered. As in case of the

,

1.500
2.000

I
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I

Table 2. Comparison of throughput results for a = 0.05
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Conclusions
In this paper the association of a marking-dependent
firing delay to a deterministic transition of a DSPN has
been proposed. This extension of the original DSPN
modeling definition [2]allows a compact representation
of deterministic medium access schemes. In general,
additional semantics have to be considered to properly
define the association of marking-dependent firing delays
to deterministic transitions 113.Thus, we have assumed
that the firing delay of a deterministic transition is
specified by the marking in which it has become enabled.
Formulas for calculating a row of the state transition
matrix P and the conversion matrix C of the embedded
Markov chain of a DSPN have been presented for this
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